The use of CAS in exams

Helmut Heugl

A lecture at the T3 conference in Chicago, March 2017

In the first part of the lecture, frameworks like the NCTM Standards and German or
Austrian Competence Models for Standards will be presented which are necessary for

the following studies.

The lecture will continue by investigating the influence of CAS in the quality and struc-
ture of exams (written exams in the classroom as well as final exams). Exams in coun-
tries where CAS tools are admitted will be compared with exams in countries where
CAS is forbidden. Examples of exams in countries like Norway, Denmark, Germany,
Austria, Australia will be compared.

Generally the influence of tests in the quality and the output of the educational process
will be discussed and changes caused by the use of CAS in teaching, learning and
testing will be demonstrated.

I have investigated final exams of 5 countries: Australia, Denmark, Germany, Norway and
Austria.

What can such an investigation achieve and what not?

The number of investigated
examples is too small to
make statistical significant

conclusions

| can only show trends by
comparing examples of
several countries and by
comparing examples of
CAS classes with examples

where traditional tools are

The number of investigated

examples is too large to

" |include all mathematical

areas

The two areas which | have

investigated are

ALGBRA and ANALYSIS

used
lamnotsomuchint er ested in exams but aAMhats eottest-t h  A. F
ed will not be taught and learned.o
It is impossible to improve the quality of mathematics education without improving the quality
of exams. Especially in Austria we can observeanint ensi ve fAteaching to the

a new final exam. My dream was a #Atest.i

which has a positive influence on the quality of mathematics education.
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1. The theoretical background, a framework for the investigation

Before presenting concrete examples it is necessary to describe a framework of the investi-
gation. When studying the quality of exams following questions should be considered:

(1) Why mathematics? What is the goal of mathematics education?

(2) What competences are taught? 1 What competences are examined?

(3) How important is CAS for solving problems in exams?

Question 1: Why mathematics?

Not until we have considered the contribution of mathematics to a general education we
should think about the role of technology for a better mathematics education.

It was very interesting not only to analyze exams of several countries but to look at their cur-
ricula and to study thei r answers to the question fAwhag-
swers would be an extra lecture. | think Bruno Buchberger has formulated a summary with
his definition of mathematics:

®» Mathematics is the technique of problem solving by reasoning, refined
throughout the centuries

| also agree with his second thesis:

®» Mathematical thinking technology is the essence of science and the essence
of a technology based society

The problem solving
process often starts
Mathematical world with real problems with
mathemat. data, with verbal infor-
model mation.  This infor-
mation has to be con-
densed and structured
to come to a so called
ireadelmon wh
be translated into the
language of mathemat-
ics to get a mathemati-
cal model.
: : —— This part of the process
solution solution which leads to a math-
ematical model we call
modeling.

Mathematic < Problemsolving by reasoning

Real world

modeling

Arguing, reasoning,
real communicating
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By operating a mathematical solution should be found. Interpreting leads to a real solution
which has to be evaluated to decide the solution of the problem. Arguing and reasoning
accompanies the whole process.
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Question 2: does

shoul d

Acompetencei
taughtn

mean?

| try to make a clarification of terms: Competence versus skills

Competence is the sustained available cognitive ability to solve problems in variable situa-
tions and to use the results responsibly united with the motivational, volitional and social will-

ingness.

[Weinert]

A skill to do something is the ability to carry out a certain activity like calculating with num-

bers or variables.

A mathematical competence can be characterized by describing a mathematical activity

executed with a mathematical content.

A framework for analyzing mathematical activities are competence models:

The competence model
of NCTM Standards

Characterizing of competences

J : by using commpetence models
2 Dimensions:

» Contentstandards

» Process dards

[ Number and Operations: C1/ |

Algebra: C2
Geometry:C3 |/

Measurement: C4 Process
Data Analysis and Probability: CS e

v Content
standards

We describe a mathematical competence as a

The competence model

fAustiian Standard : pair of two elements: Amathamatical activity
of Austrian Standards

will be executed with a mathematical content

|The competence (A2 B3) < _operating with integrals®

I Algebra and Geometry: B\l 4

Functions: B2 |
Analysis: B3 |/ >

Mathematical
process (activity)

\ statistics and Probabilty: B4

Mathematical
content

Question 3: How important is CAS

The most famous competence model
is the NCTM Standard model. Com-
petences are describe by two dimen-
sions :

9 Process standards are describing
the mathematical activities,

il Content standards characterize the
mathematical contents

In Austria we describe a mathemati-
cal competence as a pair of two
elements: A mathematical activity
(modeling, operating, a.s,0.) will be
executed by a mathematical content
(Algebra, Analysis, a.s.0.)

To characterize the role of CAS | have used a classification scheme for exam questions

which was at first

published in

t h e Whdearkthisi T h e

book 5 catogories are used, my classification scheme consists of 6 categories. | have added

category

Wh a
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Classification scheme for exam quesfions
The Case for CAS® 2004

6 categories of examples:

Examples where CAS impedes the examination of the intended
C -1 || mathematical competence. Instead of that tool competence will
be examined.

C 0 || Traditional examples where neither graphic calculators nor CAS
are helpful

Traditional examples (developed for scientific calculators) which
are solved fasfer or even {nvialized by graphic calculators or
spreadsheets

C1

c 7 || Traditional examples (developed for scientific calculators) which
are solved fasfer or even Inwialized by CAS

c 3 || Examples which only can be solved by the use of graphic
calculators or spreadsheets (and also CAS)

Examples which only can be solved by the use of CAS

c4

2. Investigation of examples of final exams and conclusions for the
mathematics education

| have investigated two groups of aspects:
1 Prior mathematical activities which are significant for the examples
1 The role of CAS for modeling, the problem solving process and for documenting and
arguing the results.

Prior mathematical activity The significance of CAS
KEYS: Knowledge of key sKills according to the classification
CALC: calculation oriented scheme for exam questions:

PROB: problem solving oriented C-1: Tool competence is tested

If problemsolving oriented, C 0: CAS, GrC not helpful
+ _possible mathematical activities: )

A1: Modelling, representing L mEEnE
A2: Operating C 2: CAS profitable
A3: Interpreting
A4: Arguing, reasoning

+ possible types of examples
Type 1: The model is given
Type 2: Modeling is necessary

wn

C 3: GrC necessary
C 4: CAS necessary




Results of 5 countries:

Denmark

In Denmark CAS is obligatory since many years. Students use computers, tablets or

handhelds.

The final exam consists of 2 parts:

Part A: Without any technology. About 7 short examples are given examining key skills. es-
pecially the examples which examine calculation competence are examples of category :

Example 1 (MAT 3 Part A): Solve the equation In(3.x7 14)=0

The solution of a CAS tool:

solve(ln(S- x— 14):0,x)

x=5

Tested is only the competence to handle the tool.

Part B: CAS is obligatory. About 4 longer examples are given.

Part 2: Longer examples (mostly 4)

ﬂ Mathematical orientation |

0%

@ Calculation oriented 0 Problem orientd

Mathematical activity

U Possible types of exampless

CAS technology
obligatory

.;I'

70

0%

aTiaT2

“ Significance of CAS

It is surprising that most
of the examples are
calculation oriented.
Almost all examples are
of Type T1 that is the
mathematical model is
given. Calculating is the
dominating activity.

Many examples are of
category C2, they can
be solved better and

100% SO
so% i faster with CAS. Few
2: o examples can only be
: 0% solved by using CAS
2% ik
o% - . 13: I R (C4)
Al AZ A3 Al c Cc1 c4
Norway

In Norway CAS is obligatory.

The final exam consists of 2 parts:

Part A: Without any technology. About 7 short examples are given examining key skills. Es-
pecially the examples which examine calculation competence are examples of category :

Part B: CAS is obligatory. About 4 longer examples are given.




Part 2: Longer examples (mostly 4)

=
I_

[‘ Mathematical orientation

]

53%07%

@ Calculation oriented
O Problem orientd

CAS technology
obligatory

Mathematical activity

—>

50%
458%

5%
30%

] [

D Possible types of exampless

eTieT2

Significance of CAS

]

40%
3%

0%
2858%
20%
15%
10%
&%
0%
D

c1 2 G <

More than 50% of the
examples are problem
solving oriented.

In the majority of the
examples students have
to find the mathematical
model (Type T2).

All sorts of mathemati-
cal activities can be
found.

The category CO is typi-
cal for stochastic exam-
ples. Also more exam-

ples of category C4 can
be found which only can

Al AZ A3 Ad
be solved by using
CAS.
Australia
< Examples of 4 Australian states have been analyzed.
Following sorts of technology are used:
Northern 1 New South Wales €&  Scientific Calculators
Territory
Queensland 91 South Australia e Graphing Calculators
IWeMQmAustmlla
South 1 Western Australia €  Graphing Calculators
L Australia
Diew South { Victoria € CAS
Victoria 4 ez

2y

Uhsmama

From

sever al

phasis Algebra and Analysis.

mat hemat i
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Most of the external exams have two parts:

courses |

Part 1: Shorter examples (sometimes in multiple choice format) examining key skills. No
technology is used.

Part 2: Longer examples with necessary use of technology.

h atheeemf ocus ed



Prior mathematical activity

New South Wales
Scientific Calculator

A

4

@ Calculation oriented
0 Problem oriented

Victoria
CAS

S
/-

(60%
@ Calculation oriented
0 Problem oriented

South Australia El

Graphing Calculator

@ Calculation oriented
@ Problem oriented

Western Australia

Graphing Calculator

10%

@ Caiculation oriented
o Problem oriented

Possible types of examples

New South Wales
Scientific Calculator

29%

aType | aTypell

Victoria
CAS

mType | oType |

Graphing Calculator

South Australia E’

k3

aType ! OType Il

Western Australia

Graphing Calculator

%

aType | OType Il

Interesting is that the
state where only scien-
tific calculators are al-
lowed has the highest
percentage of problem
solving oriented exam-
ples while in the two
ngraphing -
stateso calculation orien-
tation is dominating.

Also in Victoria where
CAS is obligatory more
examples are problem
solving oriented.

In all states examples of
type T1 are dominating.
The mathematical mod-
els are given.

In New South Wales
(scientific ~ calculators)
and in Victoria (CAS)
one can also find Type
T2, examples where
students have to devel-
op the mathematical
model.



Mathematics activities

New South Wales
Scientific Calculator

35%
0%
[25%
%
15%
10%
%
s

Al A2 A3 A

Victoria
CAS

Ill-
Al A2 A M

Graphing Calculator

0%

80%
S0%
&0%
0%
20%
0% l
o 1R =
Al AZ A3 Al

South Australia E

Western Australia
Graphing Calculator

.

The significance of CAS

New South Wales
Scientific Calculator
100%
80%
8%
0%
80%
5%
0%
0%
20%
0%
il |
co c1 Q2 A o
Victoria
CAS
70%
60%
8%
0%
30%
20%
0%
o
(=] ct Q2 [+ =

Graphing Calculator

South Australia E

60%
0%
40%
0%
20%
0%

0%

G &1 Q2 a o

Western Australia
Graphing Calculator

o=
loo%

50%
40%
0%
o I
10%
o
<0

G2 a «

In New South Wales
(scientific  calculators)
and in Victoria (CAS)
one can find a good dis-
tribution of all mathemat-
ical activities while in
South  Australia and
Western Australia (gra-
phing calculators) oper-
ating is dominating.

It is not surprising that in
New South Wales ex-
amples which are devel-
oped for scientific calcu-
lators can be solved
faster or even trivialized
by using CAS.

Also the distribution in
states with graphing
calculators is to be ex-
pected i partly with ad-
vantages of graphing
calculators and partly
with better solutions by
using CAS.

In Victoria (CAS) also
examples can be found
which only can be
solved with CAS (C4).

Germany

All of the 16 German states have their individual final exam. At present there are first at-
tempts to develop examples for a common final exam.

The conference of the educational ministers (KMK) and the institute for quality development
of the educational system (IQB) developed standards for final exams and samples of exam
examples.




Authorized technology:

A 1 State: Until 2019 graphing calculators, than only scientific calculators

A 2 States only CAS

A 13 States either scientific calculators and CAS or graphing calculators and CAS with
special examples for each type of technology.

The competence model
of German Standards
for A levels

Level Il

T

T

Level Il

Levell +

Algorithm and numbers ;L1

Measuring: L2
Space and form: L3

Functional dependence : L4
Data andrandom: L5

Complexity

General
mathematical
competences

Leading
mathematical
ideas

The German competence
model is similar to the
models of NCTM and of
Austria.

The contents are specified
as il enatllematicpl
ideaso and th
mathematical competenc-
e sabe characterized by 6
mathematical activities.

Characteristic of German exams: Mostly 2 parts:

A Part 1: Shorter examples examining key skills (no technology allowed)

A Part 2: Longer examples; problem oriented. As many aspects of mathematical com-
petences as possible should be considered (K1, K2, K3, K4, K5, K6)

Characterization of expected mathematical competences for an example of the 1QB-

collection for all German states:

All of the 6
characteristics
of mathemati-

cal compe-
tences should

appear in this

example.

GERMANY 1QB
Analysis Ex. 1 Mathematical ideas Mathematical competences
fundamental level (contents) (activities)
Teil- E Leitideen allgemeine mathematische Anforderungs-
aufg. Kompetenzen' bereich
L1 L2 |La|La|us |l k| ke |Ks|Kae|Ks| Ks Pon | m
a | [a ] x x| x ] x 1 1 1 X
b || 4| X | x| x 1 I 1 X
c | [s ] x x| x| x 1 | X
a || s || x ] x| x| x m | om i X
e |[e ]| x| x| x]x I I 1] X
fl] 2| X | X 1] I X
g || 4] x X | X m|ou 1] X
h | [ 3] X | x I I I X
i || 2 ] X | X
i ][ x X oo 1] X
k| [ 4| x| x X T I X




Austria
Since 2015 we have a Astmmnedrzdeéntedalc ofmpreale nexa mii
The only goal is to examine Akey skillsfA or in o

Influenced by psychometricians the exam consists of two parts:

Part 1: 24 short AO0/ thoicetoreother dlosedéosmats y i n mul ti pl e

Part 2: Exists of 4 theoretically longer examples. In reality they consist of about 4 short inde-
pendent subitems similar to the examples of part 1.

Admitted technology: Every sort of technology which is used in the classroom is also al-
lowed in the final exam (Scientific calculators as well as CAS)

Classification according the role of technology:

Mo s t of t he @—am@ﬂnnlsesa(‘r,e viithere neither graphing
helpful. Bur one can find also examples of type where students of technology classes

have advantages. However tested is in technology classes tool competence and not the in-

tended mathematical competence.

An example of type [C-1]:

An example of the second part of the exam:

Example Austria 2016 Part 2 Ex.3: Income tax

AUSTRIA BIFIE | | Areal function fwith f(x)=c-a* with c#0 and a >0 The 5 cgndltlons are ex-
Part 1: Ex. 11 R R pressed in the mathemat-
Mark the two cases which are true for this exponential function for all values k.he R and k >1 ical Iangua_ge and can
therefore directly entered
fik - x) = k - F(x) 0O || A)=c 2o into the CAS tool.
fxsh)_ O Ak x)=k ) o d®¥=c k- And then the CAS tool
g ~° . . .. .
o S — decides if a condition is
fix+ 1) =a- f(x) O 1) =4 true or not and not the
student..
f0)=0 D /(x+1)=(1- j(x) true
& Ao)=0 =0
fix+ h)=Afix)+f(h) O
* s Ax+h)=/(x)+/(h) s ah+x=(,, (F+a"- c

Employed persons must pay a certain amount of their income to the state. The tax model of
2015 differentiates between 4 tax classes with the tax rates 0%, 36,5%, 43,2%, and 50%.

Mo d el

a s s Waarly net income = faxable yearly income i income taxf

In July 2015 a new tax law was enacted: This starting with January 2016 valid tax model is a
model with 7 tax classes (0%, 25%, 35%, 43%, 50%, 55%). The graphic shows the model
with 4 tax classes (valid until 2015) and the model with 7 tax classes (valid from 2016).

The graph with the appropriate tax classes can be seen on the next page (figure 1.)

10



o0 n
001 n LEE
M EEEEEEEE---
| ww "
£0.04 ...r.. ...... B T
a2% g ——_ el Teanma ' 0N "_‘ %%
re | 45% n
R et "
g 4001 WBE% H 2% !
- I e - n
» - 1 ¢
8 oo P n
‘ i ! ‘ n
| Bl ! n
2001 2% i ) o'
‘ ‘ n
u
| ! 1]
nna-—-cl, T - ' + .- = L] 1 - +
§8 3 8§ B 8 -g
= 2 8 5 g 5 g

figure 1.

Comment: A very interesting context and a good contribution of mathematics to higher general
education. But let us look at the expected mathematical competences:

Expected answers/competences: ‘ Only competences of
Teil (a) Yl Sl secondary level | are

20 000 — 9 000 - 0,365 = 16 715 = € 16.715 ) MUMET

) dos L ma/_,/

N = E—(E~-11000) - 0,365 —— ating with 46 1A tested _ (percenta}ge

Teil (b) s 1 calculation, calculation
Pl == n |\
14000+ 0.365 +15000+0432 0 oo age caloulatior 1 With ddeumzl numbers
~ 0. b BOTERT_ = an above a
40000 o
Mit dem Term wird die Steuerersparnis (in Euro) dieser Person 1 compete nceod) .

durch das neue Steuermodell (im Vergleich zum 2015 gultigen )
Modell) berechnet. The right  column

Teil (c): shows that it is not a

Beide Behauptungen sind falsch. ; H
Die Einkommensanteile unter€ 90.000 sind geringer. 1 problem oriented task it

| Reading competence ‘

.. 11,5 i i -
Anderung um 11,5 Prozentpunkte, das sind SeEl 31,5 Prozent. 1 consists O_f 8 mdepehd
Teil (d) ' ent 0/1 items testing
fundamental mpe-
o i undamenta compe
35000 1 tence.
5 110 ist die Einkommensteuer fur die ersten € 25.000 1

A vision of a problem oriented example for CAS classes with this context:

CAS Example Austria: Income tax

Thecontext i s the same as in the example before: T
different tax classes (see figure 1.)
The task:

a) Develop 2 mathematical models for the income tax namely for the tax model valid until
2015 and the new tax model valid up 2016 with respect to the taxable yearly income.
Draw the graphs in the interval [ 00, 20000 U]
come for both tax models.

b) The political order was, to discharge lower earnings fiscally and to charge higher earn-
ings. Discuss by calculating and graphically if the new tax law is coming up to the political

11



expectations. From what taxable yearly income the tax burden is higher with the new
model?

A solution by using TI Nspire:
Model 1 valid until 2015 with 4 tax classes

0, 0<x<11000
est15(0) = 0+(x-11000)- 0.365, 11000<x<25000
0+14000- 0.365+(x—25000)- 0.432, 25000<x<60000
0+14000- 0.365+35000- 0.432+(x-60000)* 0.5,x>60000
Done
Model 2 valid from 2016 with 7 tax classes
0, 0<x<1100
0+(x-11000)- 0.25, 11000<x<18000
0+7000- 0.25+(x-18000)- 0.35, 18000<x<31000
est16(x):={ 0+7000- 0.25+13000- 0.35+(x-31000)- 0.42, 31000<x<60000
0+7000- 0.25+13000- 0.35+29000- 0.42+(x~60000)- 0.48, 60000<x<90000
0+7000- 0.25+13000 0.35+29000- 0.42+30000- 0.48+(x~90000)- 0.5, 90000<x<1000000
0+7000‘0.25+13000‘U.35+29000'0.42+30000'0.48+910000'D-5+(P-1000000)'0.55Nt>1000000

Function values of the two models for any earnings can be calculated

est15(100000) 40230.

est16(100000) 37880.

The graph is a good possibility to answer the questions of part (b)

" income tax | income tax
f1 (x)=est1 5 (") 7 2 (\) =est16 (\}
500001 2(x)=est16(x) £1(x)=est15()
1E+8 ¢
10000+
+ e ——————————————— — income
710000 50000 100000 income 1e48 1549
I nterval [ 0O G: 200. I nterval [ 100. 000. O

From what taxable yearly income the tax burden is higher with the new model?

A solve (e.sﬂ 6 (x) =est1 5(x),x) x=0.

solve(0+7000- 0.25+13000- 0.35+29000- 0.42+30000- 0.48+910000- 0.5+('
x=1.047€e6

A solve(est15(x)=est16(x)x>100000,%) x—1.047€6

Comment: This example is especially interesting because it shows the learners the typical
mathematical way when solving a problem or developing a new mathematical field.

12



concrete phase 1

abstract phase

concrete
phase 4

concrete
phase 2

concrete
phase 3

B. Buchberger

7/ \ '\ 2
8

3

The power of mathematics is the powerof concretizing g
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Conclusions of the investigation

t axo

This way consists of 2 phases:
9 the phase of abstracting and
1 the phase of concretizing

After starting with a concrete problem in the
abstract phase an abstract model is devel-
oped. This abstract model opens the door for
solving many concrete problems.

The two abstract tax models can used for an-

I t he queat

1. CAS supports the shift from a calculation oriented to a problem solving oriented mathe-

matics education. Reasons:

F a shift from doing to planning

the direct translation of verbal information into the language of mathematics

F
F the execution of complex operations
F

the reduction of complexity by using names of complex expressions instead of the

complex expressions

Examples:

Australia Victoria
Part 2 Example 2
Analysis
See page 16

GERMANY IQB
Analysis Ex. 1 fundamental
level
See page 19

GERMANY Thiringen
Part B Ex.2
Analysis
See page 22

2. Problem solving examples can also be found in countries where only scientific or graphing

calculators are allowed, but

F from all problem solving activities (modeling, calculating, interpreting, arguing) calcu-

lating is dominating,

F when using CAS for such examples they could be solved faster or even trivialized

(type C2)

AUSTRALIA NSW
Section 2: EX.12
See page 24

AUSTRALIA SA
Part 2 Ex. 16
See page 28

3. A dominant calculation orientation can also be found in countries where CAS is obligatory,

but

F the consequence of which is that more tool competence than mathematical compe-

tence is checked and

F mathematical competences like modeling, arguing and reasoning are neglected

Denmark
Europ. Exam
Part 2 Ex. 1
See page 30

13
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ample o f

bal i nf or mat.
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rat her

In most of the problem solving examples the model of the applied problem i s
t y pModeling i ¢. looking for a mathematical model based on data or ver-
(Aexampl e

for finding certain solutions, e.g. extrema, inflection points.

But technoloy supports modeling:

unusual

F CAS allows the construction of new mathematical language elements which can be
used to develop mathematical models.
F  When using these language elements CAS allows a direct translation of verbal infor-
mation into the language of mathematics.
F Using regression functions mathematical models suitable to functional relations of da-
ta can be found.
F Difference or differential equations can be used to analyze dynamic systems.
NORWAYAY NORWAYAY Australia Victoria
Ex 4 Part 2 Ex 3 Part 2 Part 2 Ex. 2
T2 T2 T1=>T2
See page 32 See page 33 See page 34
5 I n many countries in the first part of fi

are tested in short examples. Mostly no technology is allowed.

F Inthis case it is better not to allow technology and especially CAS because the tool
impedes the examination of the intended mathematical competence. Instead of that
skills for handling the tool will be tested.

e 1
In
Denmark \ I 9. ) e
Europ. Exam 1) Berechnen Sie j 2. . dx . > x
Part 1 Ex. 1 S 1
C-1

6. Few examples are of type C4 can be found (examples which only can be solved by the
use of CAS). Type C4 often means that the task or the needed calculations are too com-
plex and therefore CAS is essential. Most of the examples are of type C2, these are tradi-
tional examples which are solved faster or even trivialized by CAS.

This result is not surprising, because the use of technology does not change the mathe-
matical contents (except recursive models). Therefore most of the given problems could
also be solved without CAS. The advantages of CAS are the characteristic ways of think-
ing and calculating. CAS does not only support cognition it becomes part of cognition

[Dorfler 1991].

NORWAYAY
Ex 4 Part 2
C4
See page 32

NORWAYAY
Ex 3 Part 2
C4
See page 34

GERMANY 1QB
Analysis Ex. 1
fundamental level
See page 19

difficult than the mathematical problem:

14

In application oriented examples the understanding of the context is sometimes more
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F The authors of such examples must consider that the learners often are not familiar
with such an application field. Sometimes additional information concerning the
context is necessary.

GERMANY Thringen AUSTRIA 2016
Part B Ex.2 Part 2: Ex 3
See page 36 See page 10

8. A mistake of the authors of exams in CAS-classes is that the examples mostly are more
difficult and more complex as the examples of classes where traditional tools are used.
Sometimes additional mathematical contents were tested in CAS classes. The authors of-
ten try to show the full power of CAS which also makes the tasks more difficult.

Following aspects should be considered when using CAS:

F When using CAS we should show the learners that fascinating problems can be
solved easier and faster than without CAS.

F The higher complexity of expressions caused by the use of CAS in such examples
are not a better contribution to the goals of mathematics education. Students do not
work with these expressions, they use the names of the expressions. Therefore their
cognitive activities are the same as in tasks with less complex terms.

F More complex expressions are only senseful to describe a more complex reality in
applied problems.

Summary:

®» The partition of most of the final exams in two sections, one where no technol-
ogy is allowed and the second one with technology is useful. In the first sec-
tion fundamental competence including calculation competence can be tested.
If technology would be allowed tool competence will be tested instead of the
intended mathematical competence. The use of technology and especially the
use of CAS in part two causes a shift to more problem solving orientation.

®» In a calculation oriented math education and therefore in calculation oriented
tests CASisnotnecessary-st udents should calcul ate Ab

®» In a problem solving oriented math education CAS is indispensable. The exe-
cution of complex operations by the tool and the availability of new and better
mathematical models support the problem solving orientation.

®» The better we will try to describe reality the more complex the mathematical
models will be. Such complex models and the following complex calculations

need the use of CAS for solving those problems.
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Examples

Australia Victoria ‘PROB' ‘ A1 H A2 || A3 || A4 |
Part 2 Example 2

CAS

A city is located on ariver that runs through a gorge. The
gorge is 80 m across, 40 m high on one side and 30 m 1
high on the other side.

A bridge is to be built that crosses the river and the gorge.
A diagram for the design of the bridge is shown below.

60

X(—0,40) E

The main frame of the bridge has the shape of a parabola.

F ¥(40, 30)

The parabolic frame is modelled by ¥ =60 _%'X'

and is connected to concrete pads at B (40, 0) and
A(— 40, 0). The road across the gorge is modelled by a o
cubic polynomial function.

“0~_~_—~ o~~~
S ST oy RET s S oy TS oy

a) Find the angle, 6, between the tangent to the parabolic frame and the horizontal at the point
A(— 40, 0) to the nearest degree.

The road from X to Y across the gorge has gradient zero at X (— 40, 40) and at Y (40, 30), and has
. x> X
equation y = il i
25600 16

m
b) Find the maximum downwards slope of the road. Give your answer in the form - —
where m and n are positive integers. n

Two vertical supporting columns, MN and PQ, connect the road with the parabolic frame.

The supporting column, MN, is at the point where the vertical distance between the road and the
parabolic frame is a maximum.

¢) Find the coordinates (u, v) of the point M, stating your answers correct to two decimal places.
The second supporting column, PQ, has its lowest point at P (—u, w).

d) Find, correct to two decimal places, the value of w and the lengths of the supporting columns
MN and PQ.

y

For the opening of the bridge, a banner is erected on the bridge, as
shown by the shaded region in the diagram below.

e) Find the x-coordinates, correct to two decimal places, of E and

F, the points at which the road meets the parabolic frame of the E .
bridge.

f) Find the area of the banner (shaded region), giving your answer to
the nearest square meter.

16



fr‘(,r):=6(3lfi X~ Done
80

fr1 (.\ ):=i (/’y-(d) Done

tan'(#1(-40.) 71.5651

a) The angle between the parabolic frame
and the horizontal: q <2

3 . Done
X 3-x
mad(,r):: —+35
25600 16
roadl (1] :=i(mad(_1')) Done
dx
mad2(_r) ::i(mad 1 (\)) Done
dx
Z€eros [mad2(1’),.1’) { 0 }
roadi(0.) -0.1875
roadl (0) 2
16

b) The maximum downward §Iope of the
road: k; = 19% or k =—

16

dist(,r):=ﬁ(r)—mad(1') Done m:=[ 2.49} [ 2.49 |
34.53 34.53
d Do i .

distf(_r):=z(disr(_r)b e ne=| 2.49 2.49
- #{2.49) 59.7675 |
zeros(dist1(x),x) {-10- (65 +8) 40 ([65 -8) } - _2.49} [_2_49-
{-20. (Jo5+8)40.- (65 -8)}  {-642.49,2.40031} 35.47 35.47)
' _ _ go] 249 } [ 2.49 |
¢) The maximum vertical distance between 2.49) 59.7675|
the road and the frame is at the point M | | zig(2.49031) 25.2338
with x = 2.49031 dist(-2.49031) 24.3011

The coordinates of the final points of vertical
supporting columns MN and PQ.
d) The length of the supporting columns:
MN =25.23 m
PQ=24.30m

solve (/i’(l) =road (1] ,_1')

v=-964.289 or x=-23.7068 or x=27.9963

o=| -23.7068 -23.7068
-23.7068) 38.9245

=] 27.9963 27.9963
27.9963) 30.6078

27.9963 869.619
area:= ([r(
-23.7068

_\')—mad(_r])d.r

e) The intersection points between the road
and the parabolic frame:
E(-23.71, 38.92)
F(28.00, 30.61)

f) The area of the banner: A = 570 m?
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The graph of the given problem
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IQB sample of examples for a common final exam in CAS-classes 5

GERMANY QB |PROB || A1 || A2 || A3 || A4 |
Analysis Ex. 1
fundamental level S &2
CAS i b
\ 4
A ramp for BMX bikes will be installed. The limit line can be \ i
N
defined by the polynomial function f with )

e

=81 -6 -4 -2 ol 2 4 51 8 1

6 3 3 ¢ | | | | | | | | |
f(x):—ﬁx +1x+2 with x €[-8.0] Figure 1

The startig point S(-8, f(-8)) and the jump-off point A(Q, f(0)) are given. The surface level is

identical with the x-axis in the diagram..Scale unit is 1 m.

a) Look for the coordinates of the lowest point of the ramp and calculate the vertical height
between the highest and the lowest point.

b) Draw the graph of the ramp and visualize the average slope between S and A.

c¢) Determine the angle at the starting point S between the ramp and the horizontal line.

Figure 2 shows the grey side surface of the ramp.

Figure 1
d) Because of the stabilazation of the ramp a steel stay is necessary

from the down right point to the limit line f. Calculate the minimum

length of the steel stay and draw the steel stay in the graph.

g) The part of the side surface which is more than 2 m above the ground is used for

advertising. Calculate the proportion of this area and the whole side surface.

Adjacent to the ramp a hill suitable for the landing is built. A possible model of the limit line of the

2
a-xX -

hill is a function ga with ga(x)=x-e** with x>0and acR"

f) Look for the value of a so that the highest point of the hill has the same height as
the jump-off point A.
g) Take fora= % and draw the suitable graph ga. Determine the point of ga with

the largest downward slope.

h) A possible model of the trajectory of the BMX biker is the quadratic fubction hb
with hb(x) =b- x* +i-x+ 2 . The biker is landing on the hill with horizontal
4
distance of 6 m. Determine b. Calculate the largest height of the trajectory

relating to the jump-off point.
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a)

The coordinates of the lowest point of the
ramp exact and also the approximate solu-
tion

The height between the highest and the low-
est point is 5.8m. The angle at the starting
point Sis -71.57°.

I T Done 5 5.78885
s | 4 ;‘(-8.)—4 ° 5‘(5_]
A-8) 6
ran(£1(-8.)) -71.5651
=== () o _ _
k3 The coordinates of the endpoint of the steel
zems(fl(x),x) { 8 J5_ 8 J5_] stay P(-093, 132)
5 ' 5
) Done
f{_8' J5_) 2_4 J5_ dssz(x]:=lx2+(f[x))2
> ° diszl(x):=i(disz(x)) Done
{ 8.5 8. ﬁ} {-3.57771,3.57771} dx
5 5 zeros(dist1(x) x) {-0.925011}
f{‘S-JFJ_ 0.21114¢] A-0.925011) 1.3217
5
The graph of the ramp inclusive the steel | e)

stay and the lowest point

A
Ly
s
. -.‘7‘.:‘%‘ I
f2(9={flx) e<x<0 , 0O
1
T
(=.58,0211) |21

The area which is used for advertising

The whole area of the side surface

The proportion

The percentage: 27% of the whole area is
used for advertising

solve(f(x)=2;) -8 JE 8 15
) x=————or x=0orx=
5 5
815 10
5 5
aad:= (/(x)—2)dx
-8
0 12
aju= f(x) dx
-8
gad 2
aju 15
i 0.266667
15
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f) 9)
The value of a so that the highest point of | The point of the hill with the largest down-
the hill has the same height as the jump-off | wardslope is the inflection point W(6, 1.37).

point A:
_ 1 Done
el gov):=galx)la=—
g— 24
8
d Done
2 Done gp}[l):_(gp{l))
gﬂ'()()::)( e arx d_'[
_d Done d Done
801(-*)-—(“(84-‘)) gp2[_r):=z(gp1(_r])
zeroslgallx),x -
2 -1 2(6.) 1.33878
& ga(2' \/a_} e 2 JQT
2 e
xgam:= ! J;
fza 2 Ja
A Solve(ga(xgam)=2,a) a:e_'l
8
h) The visualization of the problem
The model of the trajectory of the BMX biker 2
hb(_t):=b- x2te x+d i
b1 (2) == () Done
dx f-l(\):{.ll(\) =0
nb(0)=2 d=2
w
nb1(0)=1(0) 3
o=
4 o 1
hb(x):=b- x2+0.75 x+2 i
solve(ni(6.)=gp(6),b) b=-0.143367
h(x):=nblx)p=-0.143367 Done
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Tharingen Final exam 2016 CAS obligatory e

|PROB|| A1 || A2 || A3 || A4 |

GE Thiringen
Part B Ex.2
Analysis
CAS

A specific type of a roof is called ,dormer® (see figure 1).
The proportion of height and width should be between 1:5

and 1:6.
4 1

35x° +4_Z

A possible model of the border line is: f(x) =

X, and x, are the zeros, length in m.

a) Show that the graph of f is symmetrical relating to the y-axes.
b) Investigate if the proportion of height and width is complying with the standard.
c) At both ends of the dormer the downward slope should not be larger than 12°. Complies the

model f this condition? Calculate the points whith the largest downward slopes.

A parabolic window with a height h = 0.5 m and a width b should be installed. The lower frame is
horizontal and the upper frame is a parabola with the equation p(x)=c- x> 405 (ceR)

d) The width of the window should be 2 m. Calculate the area of the window.

f) Afunction fais given for any positive real number a with fa(x) = L - l (x S IEE)

2
a-x° +4
Determine the parameter a so that the proportion of height and width of the dormer will be

between 1:5 and 1:6.

g) In Asian countries such dormers often look like a

I'] I:

ta

pagoda. In Figure 2 one can see the border line of the

roof of such a pagoda. Figure 2

Find the two function equations of the graphs r; and r»
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a) c)

Zeros: X1 =-2, x2 = 2. The angle at the ends is about 11°<12°
f is symmetrical relating to the y-axes d Do
b) f1(a) == {/(r) "
The proportion of height and width is comply-
ing with the standard. tan”(fd1(2.)) "10.6197
f(;[):: 4 _l Done d)
3-02+4 4 The largest downward slope is x = 0.67 and x
seros(f(o)1) (22} =-0.67. (th'e inflection points)
The angle is 29°
f(‘_r) =f(.1') true
d Done
12(x): =—( /71
©) |||t
4 zeros(fa’2(x),x] { 22 }
A0) 3 2
4 16 o2 0.666667
flo) 0.1875 .
4. wn_1(fd1(£]) -29.3578
SE
f) 9)
The condition for the parameter a of the func- | For the model of the border line of the pago-
tion fais: 2.37037¢ a ¢ 3.413< da a quadratic function is chosen.
A system of 3 linear equations to find the 3
falx)im ‘; —i Pere | | parameters a, b, ¢
@t The function equations of r1 and r2
PN Zel’DS(fa(X),X) {{ 2;‘/!3_ Jizo J{ gf Jizo } pag(x):=a-x2+b- x+c Done
a a a a I( ):i(p ( )) Done
fal0) 3 PABTAT Pas
4 pagl0)=0.75
he| 0751 a=3.41333 solve Pag(féjofdl(z) J{”"C}]
s0lve =—,a agll2)= |
& 4 ‘l; 5 @=0.09375 and b=-0 5625 and ¢=0.75
Ja_ .i‘l(x)::pag(x]\a:0.0%TS and b=-0.5625 and ¢=0.75 Done
solve 0.75 =i a a=2.37037 r2(x):=rl(‘x) Done
A a3 6 1)
T il 0.09375 x>—0.5625- x+0.75
ralx) 009375 x°+0.5625+ x+0.75

The visualization of the given problem

y

pagoga rl

0.5
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Didactical comment: A characteristic approach when using CAS

Step 1: Developing new mathematical lan-
aglx :=a~x2 b x+c St
page) e —m . guage elements by defining func-
pagﬂx):%\_(p . tions
e Step 2: Instead of working with/in complex
solve({iag(Z)=0 abe expressions, working with the
a51(2)=7d1(2) Step 3 | names of expressions
=U" S and 5=-0.5625 and ¢=0.75 . . .
Step 3: Direct translation of verbal given
/'1(.\'):=pag(.\')]a=0.09375 and 5=-0.5625 and ¢=0.75 Done . . .
information into the language of
rde)imril) Bt mathematics
"1("') 0.09375- .\'2 —-0.5625: x+0.75
) 0.09375: x2+0.5625" x+0.75
AUSTRALIA NSW PROB | A1 A2 A3 | A4 |C2
Section 2: EX.12_1
Scient. Calc

(b) In achemical reaction, a compound X is formed from a compound Y. The mass
mn grams of X and Y are x(f) and y(f) respectively, where ¢ is the time in seconds
after the start of the chemical reaction.

Throughout the reaction the sum of the two masses 1s 500 g.

At any time ¢, the rate at which the mass of compound X is increasing is
proportional to the mass of compound Y.

At the start of the chemical reaction, x=0 and ﬂ =2.

dt

(1) Show that %=0.004(500—I).

(i) Show that x = 500 - Ae™ %% satisfies the equation in part (i), and find
the value of A.

Didactical comment:

Modeling means translating the verbal given information into the langauge of mathematics

(b) Inachemical reaction, a compound X is formed from a compound Y. The mass
in grams of X and Y are x(f) and y(7) respectively, where £ is the time in seconds
after the start of the chemical reaction.

Throughout the reaction the sum of the two masses is 500 g.

At any time ¢, the rate at which the mass of compound X is increasing is
proportional to the mass of compound Y.

Modeling < translation of verbal given information into
the language of mathematics

dx

(1) Show that 7 =0.004(500-x).
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In New South Wales only scientific dx
calculators are allowed E the expected || Precondition: If x= Od— =z
solution is: q t
X ..
—=c B00 x
o = ¢ 600 ¥
L =c @
(500- x)
. dx .
= C
IRSOO- X) i
-In (500 -x) 6.004 t Ocl+
500- x =A &30040
x =500 -A 30040
0=500 -A &
A =500
b) x'=c (500*.1’] x'=—¢ (_1'*500)
Calculating the constant 2=¢+ 500 2=500- ¢
Solving the differential equation with CAS | |.=0.004 0.004

(mode Aautoh)
Solving the differential equation with CAS
in the Aexact modef

deSolve(.r'=c- [5007.\'},&.1‘]

deSolve(_t'=C' (SOO*I}J,I]

solve(2=c- (500-c2-500),c2)

+{t):=500-500- ¢ 2°

y[t} : =500*.|’{t]

v=c1- (0.996008)"+500.
il

r=c2 e 2% 4500

€2=-500

Done

Done

The graphs of the two functions

y

50

50
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AUSTRALIA NSW
Section 2: EX.12_2
Scient. Calc

(©)

y
y=lanxy
/

The graphs of y=tanx and y =cosx meet at the point where x = a, as shown.

4]
(@

places.

Show that the tangents to the curves at x =a are perpendicular.

Use one application of Newton's method with x; =1 to find an
approximate value for a. Give your answer comrect to two decimal

o] N

y =COsX

c) i)
A condition for orthogonal tangents is, that
the product of the slopes is -1:

f{x):=mn(x) Done
g(x) ! =cos(x) Done
) 2-(4)
s1(i=(cos(s)) pore
A ﬂ(a)-gl(a):'l 'sin(a) -
(cos(a)?
( 'sin() ='1)-'cos( ) tan(a):cos(a)
(cos(«))*

d) ii)
Developing a model for Newtons method by
using a recursive model

h("] 5 =f{r"]*8 ("] Done
hi (1} : =i{k(_t}] Done
uf(n]:—uf(n—l]—% —
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firime modea u(n) is a function of n

Ve b

m o w(ng ié a function of u(n-1)

nuln)=Y

tleeut(r 1) 210

. 7hl(ul(rrl)) ul(n=1)-,

initial Terms:=1
1199 nstep=1

:

1.

.[0.761634

.| 0.673207

.| 0.666276

.| 0.666239

.| 0.666239

.[0.666239

.[0.666239

1
2
B
4
5
1 . 6. 0.666239
7
8
9
0

.| 0.666239

| ——

1 n ul(n)::ul(nfl.)*h(L(nﬂJ

»

lll(:ll l(nflz

0.1

1 (e  hlw1(e-1))
/ wt(n)un (1) s

0.1

y(n*l)
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AUSTRALIA SA IPROB| | A1 |[ A2 |[[ A3 |[ A4 |
Part 2 Ex. 16

Graph. Calc.

In drag races, cars are initially stationary on the starting line and
then travel 400 metres in a straight line in as short a time as
possible.

Car A (shown in the photograph) competes in drag races.

The design features of Car A are considered in the development
of a mathematical model to predict the speed (VA in metres per
second) of the car t seconds after it leaves the starting line.

The model assumes that all the components of Car A work optimally and that the driver attempts
to finish in as short a time as possible. The model is useful for predictions only for the first 7
seconds after the carleaves the starting line.

98
The model is: va =—,t—4.9 for0=t=<7
1+19:-e~

a) Find the maximum speed of Car A according to this model.
>

b) Calculate Iva(t)dt correct to the nearest whole number

0
Interpret your answer in the context of Car A competing in a drag race.

c) Complete the following table according to the model of Car A

t (seconds) 0 2 4 6

distance (meters) of Car A after t seconds 0

Car B is another drag-racing car.

85
The model for CarBis vB=——— -85 for 0<t<7

14062

d) Complete the following table according to the model of Car A

t (seconds) 0 2 4 6

distance (meters) of Car B after t seconds 0

Unnacessary calculation

e) If Car.A races against Car B, which car would win the rz Competence when using CAS
Explain your answer.

d 1 5
f) Find % if yzE-ln(e’t +k) WW

98 >
Hence show that J.[———;— —4.9]dt =49.In(e*' +19)-4.9t+c
1+19.e7"

Hence determine the time Car A takes to travel the 400 metres, correct to two decimal
places.
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a)

No zeros of the 1% derivative => no relative
extremum.

val(x)>0 for any x E va is strictly
increasing. absolute maximum at x=7

b)

The distance travelled by Car A after x
seconds.

The distance after 2 seconds is 54 m.

. ) _ X Done
Maximum speed: 93 m/s = 335 km/h salx):=| valt) d»
98 Done 0
va(_t):=——4.9
1+419-¢ 2 ¥ sa(2) 54.0415
d Done || The distance-function sB of car B
val (1) = (m (1) )
dx 85 Done
- 1'b(,|'):=_78.5
zeros(vaf (.1'),.1‘) { L } 1+9. 3 X
val (1) a2 X Done
& sb(.:'):=J \‘b(r) dr»
2
[ez'-"+19.) 0
va(7) 93.0985
e) An alternative approach: The graphical

Car A needs 5.87 s, Car B needs 6.08 s E
Car A wins the race

solution

distance

A solve(400=sa(x)x)  x—82.1456 orx=5.87308

& solve(400=sb(x),x) x=47.41 or x=6.08157

ke = 400

100 ¢

1 2 3 4 5 6 time
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a) The graph of f1 and the intersection points
Defining the functions with the axes
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